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Abstract

In this work, we investigate the vibrations of embankments by the singular Sturm-Liouville equa-
tions. At first, we create the mathematical form of the vibrations by the shear beam (SB) model
(see [21]) and transform this given form to the Sturm-Liouville form with a singularity. Fi-
nally, we discuss the numerical solution to the considered problem using the variational iteration
method.
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1 Introduction

The earth dams that have been built by compact soils are vulnerable in displacements. The
scientists can find the steady of embankments by studding and analyzing of their seismic re-
sponse. These investigations and their findings can help us to know the resistance of dams dur-
ing an earthquake. In the making of the mathematical model, the formulation is derived from a
two-dimensional structure within a fixed domain. The obtained formulae are applicable in vari-
ous places. The vibrations of embankments usually led to differential equations with boundary
conditions. In [7, 21], these problems were studied without using the Sturm-Liouville problems
which the specific shear strain of the soil in the body of a dam has been taken. We used this
shear strain and created the mathematical model of the problem by Sturm-Liouville equations
(see [18, 19]). In [18], taking the shear stress 7,. = G'2%, we gave the following differential equa-

tionfora =7n (H- 21! — h_%“)*l ;

2 —2
d2 m _40117%
—g+ A\ — 16 —|y=0 0<s<m,
ds (s—f—ah’%“)?%

where m is a parameter in interval [0, 1]. The scholars are focused on the shear stress-strain of the
soil in theses problems. In this article, we take a new type of the shear strain that gives a new
potential in Sturm-Liouville equations the so-called potential with singularities. Applying the
shear beam (SB) model, we will make a partial differential equation and the separation variant
transforms it to the ordinary differential equation. Then by a transformation, we get a suitable
Sturm-Liouville equation of this problem. We will take the singular Sturm-Liouville equations
in the survey of vibrations of dams which this technique is a new method in this field. In the
other hand, the Sturm-Liouville problems were studied in many works in the last decades (see
[2,3,9,10,11, 16, 17, 20, 22]).

There exist various methods to solve the differential equation such as variational iteration
method, optimal perturbation iteration method, perturbation iteration method, Taylor collocation
method, etc (see [4, 5, 6, 8]). The variational iteration method which is an appropriate analytical
method to solve the linear or nonlinear problems was taken by researchers to survey the Sturm-
Liouville equations (see [1]). This method was introduced by He and many scholars have used it
to get the solution of the differential equations. For example, Bildik and Deniz have applied this
method to systems of delay differential equations with initial conditions (see [6]). To complete
our mathematical analysis, we will take the variational iteration method for the singular Sturm-
Liouville equation in our work. By studding this article, we can find that the used technique is an
effective way in the investigation of various classes of such applied problems.

Taking the physical rules, we can outline a following form for the vibrations of embankments

. _ (o
with the shear stress 7,, = G (a—; + ZEH) as

1d dd v
—— — = — <
zdz(z<dz+zH>> A, h<z<H,

1
h—H

9(h) =0, V(0):=9(H) =0,

wherein ) is a spectral parameter. Also h and H are real constants.
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The rest of this paper is organized as follows. In Section 2, we present the mathematical form
of the problem and then we transform this model to a suitable Sturm-Liouville equation. Section
3 contains some numerical statements of the considered problem that we have applied the vari-
ational iteration method for the singular differential equation with the boundary condition. The
conclusion is given in Section 4.

2 Formulation of the Model

This section contains some corollaries which clarify the main goal of this article. We establish
a mathematical form of vibrations of dams by taking the shear beam technique.

The soil elements in dams have a volume
V(z) =b(z2)Ldz, h<z<H,
where b(z) = £ 2. Therefore

V(z) = %zdz. (1)

Let Fiy be a shear force on the horizontal surface that a vibration will exert. We can write
FH = TyzAwy(z)a

where 7, and A;,(z) are the shear stress and the area in the zy-plane, respectively. Assume that
G = G} be the soil average shear modulus and u(z;t) be the displacement at z. Define

Apy(2) =b(2)L, — Agy(z) = EZL

g
TyZ:G(gq:—i—ZiAH).
We will have
Therefore
Mﬁ:—Bg%i<zCZ+sz>>w. )

Besides, the sum total of inertial forces for elements is
I =p;V(2)i,
wherein p, := soil mass density in dams, and i := acceleration. Using (1), we get

BL  0%u

The static of the elements is satisfied when the net force d 'y equals to the inertia forces /. These
conclude that

dFy +1=0. (4)
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Substituting (2) and (3) in (4), the motion equation
BLGy 9 Ou Lt dz — BL d @
H o:\"\o: " -—H TP Y e
is achieved. By simplifying this equation, we have the following PDE
10 ou U ps 0%u
—— |z =+ =22,
2z 0z 0z z—H Gy Ot?

Then applying (5) and considering C? = 2+, the equation

12 @_1_ u _02@
z 0z § 0z z—H T b g2

will be given. If we consider

u(z;t) = 9(2)0(t),
and replace in (6), the ordinary differential equation of this problem is given as follows
1d dv 9
e (Eetm)) =

where ) is a spectral parameter. Therefore we can write
9y (1 1\ 1 1
az <z+ zH) " (z(zH) a (zH)2>19__)\19'

Here, the boundary conditions are in two cases:
(1) : Since the embankment has stuck in the base, we have u(H;t) = 0,
(2) : Since there is not any stress in the top surface, we have 7. (h;t) = 0.

Corollary 1. We can consider the following BVP(L) with 7, = G (g—;‘ + sz> ;

d*9 1 1 dy 1 1
il - — = — < H
dz2+<z+z—H)dz+(z(z—H) (Z—H)2>19 A, hsz<d,

1
h—H

9(h) =0, V() :=9(H)=0.

(6)

(7)

9)

(10)

(11)

Now we transform (10) to the Sturm-Liouville equation. These equations were studied in

[3,9, 15,16, 23]. For this purpose, we take the following transformation [12].

Lemma 2. The following transformation

y = exp (; /a p(S)d8> v,

transforms the ODE

to
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Proof. Considering (12), we have

9(2) = exp (-é / ’ p(s)ds> y(2).
The first and second order derivatives of ¥ can be given
0 e (5 [ nes) (v - g )
o) =exp (=3 [ po)as) (50 - + (126 - 37 v )

Now substituting these derivatives in (13), we get

1

(1 = )+ (3260 - 396 ) ) ) exo (= [ ot
#9(0) (1) = ot ) exp (= [ pl6)ds) +atomerexp (=5 [ pisras) =o.

Therefore
V() = (W () + TP E(E) — 58 () + 0 (2) — 52 ((E) + al2)u(z) =0,
and finally
v+ (06) = 26 - 576 0(e) =0
The proof is completed. O

Now taking this transformation, the equation (10) turns to

4Hz—H?
"

—y +ﬁyzky,h§2<hﬁ (15)

the so-called the Sturm-Liouville equation with a singularity.

Corollary 3. The motion equation of vibrations of embankments with the special shear stress
Ty: =G (%Z + ﬁ) is as follows

() sy =Xy, h<z<H, (16)

Y eom

where qo(z H? ' Also boundary conditions are
y

— 4H:;
Uly) :=y'(h) = By(h) =0, V(y):=y(H) =0, (17)

where 3 = m So we can write a boundary value problem (16)-(17) as the problem of the
seismic response of earth dams with this stress.
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3 Application of VIM

In this section, we establish some numerical consequences and utilize the variational iteration
method (VIM) to solve the problem (16)-(17) which is a Sturm-Liouville problem (see [1, 6, 13,
14, 22]). It is well known that the variational iteration method is an effective tool to solve a wide
class of linear and nonlinear problems with a fast convergence to exact solutions.

To demonstrate the technique, we assume that
Llu(t)] + N{u(t)] = g(t),

be a differential equation with the linear operator L, nonlinear operator N and continuous function
g(t)-

We establish a correction function which is the basic character of VIM as

t

i (6) = un () + [ plLan(s) + Nin(s) — g()}ds,
to

where 1 is a general Lagrange multiplier that it can be identified optimally by variational theory,

uy, is the nth approximate solution, and %,, denotes a restricted variation, i.e., 6@, = 0. In this

way, we can obtain an exact solution for linear problems only by one iteration step as regards the

Lagrange multiplier is exactly identified.

Now we would like to solve the differential equation which arises from the displacement of
the embankment in the special case by VIM. So we consider the following differential equation

1 4
_ 7 = <

Y +(2—H)2y Ay, h<z<H, (18)
for a real parameter v. In the case v = 0, this equation together with initial conditions y(h) = 1
and ¢/ (h) = B, for B = iv/X has the solution e(z) = exp (uf/\(z - h)) To find the approximate
analytical solution by using this method, we have the correction functional
z A2y, (s v

" { (s)

ds? (s H)2z7n (8) + Ay (s)} ds, (19)

s () = () + |

h

where 7, is assumed as a restricted variation. In the following, by making the functional stationary

# 2yn (s v
OYynt1(2) = dyn(2) +5/}1 :u{d 27;2( ) B (S—H)an (8) + Ayn (s)}ds

= 0yn (2) + 1(8) 0y (8)|s= — 1 (8)0Y(5)]s==
z 2 s

+/h {dd’;(g )} Au(s)} OYn (s) ds

= (1 = p/(2))0yn (2) + p(2)dyy (2)

" /h { dZZgS) + AM(S)} Sy (s) ds,

the stationary conditions can be obtained

{d” + Au(s) =0, (20)
u(z) =0, W(z) =1
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We give the Lagrange multiplier u = % sin (ﬁ (z — s)) So we take the VIM iteration formula

ynt1(2) = un(2)
[ (VG = 9) {ul6) = gz 9+ o o).
(21)
Substituting the initial approximation yo(z, \) = exp (iﬁ(z - h)) in (21), we have
() = exp (VA -h)
- /h \% sin (VA(z - 5)) {(S_”HV exp (iVA(s — 1)) } ds.
(22)

By using Mathematica, the following approximation of the solution is given

y(2) =yi(z) = exp (i\f)\(z - h))
v (sin (VAG =)
ﬁﬁ( (7
i (V305 - ) o (835 - )
(3-H+3)’
tsin (VA (5 = 4)) eon (WA (5 - 1))
(-t %)’
%MOﬁﬁTDwﬂwﬂzZD>
(%= +3)° |

_|_

+

_|_

This approximate solution is shown in Fig. 1 for h = 10, H = 100, A\ =4 and v = 1.

Here we want to use the suggested method again to survey the problem arisen from the motion
of the embankment. To do this, consider the differential equation as follow

—y"+q(z)y=N\y, h<z<H, (23)

where ¢(z) = %. When ¢(z) = 0, the solution of (23) subject to the initial conditions

y(h) =land y'(h) = B, for B = ivAise(z) = exp (zﬁ(z - h)) We take the correction functional

z 2 s s — 2
M{dyn() 4H H)an(s)+)\yn(s)}d87 (24)

e (2) = () [ -

h
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where the restricted variation is assumed by 3,,. By making the functional stationary

z 2yn (s s — H?
5yn(2)+6/h M{d Yn (s) 4127 _5)2%(5)+>\yn(s)}ds

ds? 4s%(s
= 0yn (2) + 1(5)0Y (8)s== — 1 (8)0y (5)s==
W

+/hz{dd( s) +)\u(s)}5yn(s)ds
W (z

OYnt1 (Z) =

= (1= 1/ (2))0yn (2) + p(2)dy,,(2)
p(s)
+/h { 152 + A ()}CSyn(s)ds,

we have (20). We can give the Lagrange multiplier y = % sin (ﬁ(z - 5)) So the iteration

formula can be obtained as

Ynt1(2) = Yn (z
1 . AHs — H?
+ . \7)\ VA(z — 8)) {yn (s) — myn (s) + Ayn (8)} ds.
(25)

Considering the initial approximation yo(z, A) = exp (uf/\(z — h)) and substituting in (25)
we can write
y(z) = exp(iVAGz—h))

_ /h —sin (VA(z ~ 5)) {M exp (iVA(s — 1) } ds.

VA
(26)

By using again Mathematica, the following approximation of the solution is obtained

y(z) = y1(z) = exp (zﬁ(z — h))
) ((4hH — H?)sin (ﬁ(z - h))

4h2(H — h)?

This approximate solution is shown in Fig. 2 for h = 10, H = 100, A = 4
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Figure 1: The approximate solution using h = 10, H = 100, X = 4.

Figure 2: The approximate solution using h = 10, H = 100, A = 4.
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4 Conclusion

In this paper, the seismic response of earth dams has been studied by the Sturm-Liouville equa-
tions. The approximate solution of this problem has been computed with the use of the variational
iteration method. We took the Mathematica software to compute this solution with high accuracy.
The more accurate solutions help us to know the rate of vibrations of embankments more exact.

Acknowledgement This research work has been supported by a research grant from the University
of Mazandaran.

Conflicts of Interest The authors declare no conflict of interest.

References

[1] D. Altmtan & O. Ugur (2009). Variational iteration method for Sturm-Liouville differential
equations. Computers & Mathematics with Applications, 58(2), 322-328. https://doi.org/10.
1016/j.camwa.2009.02.029

[2] R. Amirov & A. Ergun (2020). Half inverse problems for the impulsive singular diffusion
operator. Turkish Journal of Science, 5(3), 186-198.

[3] R.Kh. Amirov & V. A. Yurko (2001). On differential operators with sigularity and discon-
tinuity conditions inside an interval. Ukrainian Mathematical Journal, 53, 1751-1770. https:
//doi.org/10.1023/A:1015212426765

[4] N.Bildik & S. Deniz (2017). A new efficient method for solving delay differential equations
and a comparison with other methods. The European Physical Journal Plus, 132(1), 51. https:
//doi.org/10.1140/epjp/i2017-11344-9

[5] N. Bildik & S. Deniz (2017). A practical method for analytical evaluation of approximate
solutions of fisher’s equations. In 2nd International Conference on Computational Mathematics
and Engineering Sciences (CMES2017), pp. 01001. EDP Sciences, Les Ulis, France. https://
doi.org/10.1051/itmconf/20171301001

[6] N. Bildik & S. Deniz (2015). Comparison of solutions of systems of delay differential
equations using Taylor collocation method, Lambert W function and variational iteration
method. Scientia Iranica, 22(3), 1052-1060.

[7] P. Dakoulas & G. Gazetas (1985), A class of inhomogeneous shear models for seismic re-
sponse of dams and embankments. International Journal of Soil Dynamics and Earthquake En-
gineering, 4(4), 166-182. https://doi.org/10.1016/0261-7277(85)90037-3

[8] S.Deniz & N. Bildik (2017). A new analytical technique for solving Lane-Emden type equa-
tions arising in astrophysics. Bulletin of the Belgian Mathematical Society-Simon Stevin, 24(2),
305-320.

[9] W. Eberhard, G. Freiling & K. Wilcken-Stoeber (2001). Indefinite eigenvalue problems with
several singular points and turning points. Mathematische Nachrichten, 229(1), 51-71. https:
//doi.org/10.1002/1522-2616(200109)229

634


https://doi.org/10.1016/j.camwa.2009.02.029
https://doi.org/10.1016/j.camwa.2009.02.029
https://doi.org/10.1023/A:1015212426765
https://doi.org/10.1023/A:1015212426765
https://doi.org/10.1140/epjp/i2017-11344-9
https://doi.org/10.1140/epjp/i2017-11344-9
https://doi.org/10.1051/itmconf/20171301001
https://doi.org/10.1051/itmconf/20171301001
https://doi.org/10.1016/0261-7277(85)90037-3
https://doi.org/10.1002/1522-2616(200109)229
https://doi.org/10.1002/1522-2616(200109)229

A. Neamaty and Y. Khalili Malaysian J. Math. Sci. 16(3): 625-635 (2022) 625 - 635

[10] A.Ergun (2020). A half inverse problem for the singular diffusion operator with jump con-
dition. Miskolch Mathematical Notes, 21(2), 805-821.

[11] A. Ergun (2021). Inverse problem for singular diffusion operator. Miskolch Mathematical
Notes, 22(1), 173-192. https://doi.org/10.48550/arXiv.2006.08329

[12] M. Fedoryuk (1993). Asymptotic analysis. Springer-Verlag, Berlin.

[13] J. H. He (1999). Variational iteration method — A kind of non-linear analytical technique:
Some examples. International Journal of Non-Linear Mechanics, 34(4), 699-708. https://doi.
org/10.1016/50020-7462(98)00048-1

[14] J. H. He (2007). Variational iteration method — Some recent results and new interpretations.
Journal of Computational and Applied Mathematics, 207(1), 3-17. https://doi.org/10.1016/j.
cam.2006.07.009

[15] Y. Khalili & D. Baleanu (2020). Recovering differential pencils with spectral boundary con-
ditions and spectral jump conditions. Journal of Inequalities and Applications, 2020, Article ID:
262, 12 pages. https://doi.org/10.1186/s13660-020-02537-z

[16] H. Koyunbakan (2009). Inverse spectral problem for some singular differential operators.
Tamsui Oxford Journal of Mathematical Sciences, 25(3), 277-283.

[17] H.Koyunbakan & E. S. Panakhov (2006). Solution of a discontinuous inverse nodal problem
on a finite interval. Mathematical and Computer Modelling, 44(1-2),204-209. https://doi.org/
10.1016/j.mcm.2006.01.012

[18] A.Neamaty & Y.Khalili (2014). Analysis of the seismic response of earth dams using inverse
Sturm-Liouville problem. Journal of Advanced Research in Dynamical and Control Systems, 6(4),
68-78.

[19] A.Neamaty & Y. Khalili (2018). Inverse spectral problems for singular Sturm-Liouville op-
erators. Malaysian Journal of Mathematical Sciences, 12(1), 143-160.

[20] A.Neamaty & Y. Khalili (2015). The inverse problem for pencils of differential operators on
the half-line with discontinuity. Malaysian Journal of Mathematical Sciences, 9(2), 175-186.

[21] M. Rahman (2007). Integral equations and their applications. WIT Press, UK.

[22] A.S.V.Ravi Kanth & K. Aruna (2010). He’s variational iteration method for treating non-
linear singular boundary value problems. Computers & Mathematics with Applications, 60(3),
821-829. https://doi.org/10.1016/j.camwa.2010.05.029

[23] N. Topsakal & R. Amirov (2010). Inverse problem for Sturm-Liouville operators with
Coulomb potential which have discontinuity conditions inside an interval. Mathematical
Physics Analysis and Geometry, 13(1), 29-46. http://dx.doi.org/10.1007/s11040-009-9066-y

635


https://doi.org/10.48550/arXiv.2006.08329
https://doi.org/10.1016/S0020-7462(98)00048-1
https://doi.org/10.1016/S0020-7462(98)00048-1
https://doi.org/10.1016/j.cam.2006.07.009
https://doi.org/10.1016/j.cam.2006.07.009
https://doi.org/10.1186/s13660-020-02537-z
https://doi.org/10.1016/j.mcm.2006.01.012
https://doi.org/10.1016/j.mcm.2006.01.012
https://doi.org/10.1016/j.camwa.2010.05.029
http://dx.doi.org/10.1007/s11040-009-9066-y

	Introduction
	Formulation of the Model
	Application of VIM
	Conclusion

